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It is shown that the solutions to quite general problems in nonequilibrium statistical
physics and engineering can be expressed as Wiener integrals. A new way is also given
for numerically evaluating these Wiener integrals.

KEY WORDS: Wiener integrals; diffusion processes; function space integrals;
stochastic optimal controf; Kalman filtering; Langevin equation; stochastic Hamilton~
Jacobi equation; Fokker-Planck equation.

1. INTRODUCTION

1.f. A new method will be given for obtaining numerical answers to quite
general problems in nonlinear statistical control theory and in nonequilibrium
statistical physics. It will also be shown that the solution to the nonlinear Kalman
filtering problem can be expressed as the ratio of the solutions of a partial differential
equation.

We consider stochastic equations of the type

He) = f(1,x(0), 30) + 20), K =X, HS)=7Y 0

where 2(¢) is the derivative of Brownian motion, or white noise, x(¢) is an n-dimen-
sional vector, and f (¢, x(¢), %(¢)) is a fixed vector-valued function of » arguments. The
initial values of the Ito stochastic equation (1) can be either fixed or random. Boundary
conditions can also be included.

It will be shown that the expected values of functionals with respect to the x(z)
distribution defined by (1) can be expressed as Wiener integrals. Thus, the variance, or
the mean of x(¢) for any ¢ >= S, can be expressed as a Wiener integral; or the pro-
bability that x(¢) is in any (measurable) set of Fuclidean space at any time ¢ = S.

1 This is a rewritten version of Research Report RC 68-1, General Precision Systems, Inc., Little
Falls, New Jersey.
2 Department of Mathematics, Newark College of Engineering, Newark, New Jersey.
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A new method will then be given, involving a power series in A, for numerically
evaluating Wiener integrals. The coefficients of this power series can be calculated by
quadratures if the solution to (1) with X = 0 is known and the solutions to a linear
and a ricatti equation are known. This method essentially provides a rigorous justifica-
tion for “linearizing” (1) and gives the series of best approximation.

It will also be shown that the representation of the expected values of functionals
of solutions of (1) as Wiener integrals gives a new, easy way of deriving some partial
differential equations of control theory and physics.

Finally, it will be shown that Wiener integrals can be used to choose the f of (1)
in such a way that the expected values of functionals are minimized, much in the same
way that the calculus of variations is used to minimize nonrandom integrals.

The remainder of this paper is organized as follows: Section 2 defines the Wiener
integral and gives some of the basic theory needed for the other sections. In Section 3,
three partial differential equations are derived. Section 4 considers specific applica-
tions to statistical control theory, and Section 5 considers specific applications to
statistical physics. Section 6 gives an approximation method.

2, THE WIENER INTEGRAL

2.1. The Wiener integral, named after Norbert Wiener, who first devised it (see
Kac®® for an excellent history of the Wiener integral), is the integral associated with
Brownian motion. Brownian motion is, of course, the motion of a small particle
suspended in a fluid which is due to the impacts of the molecules of the fluid. Einstein
was the first to axiomitize this motion. His axioms can be stated as follows:

(y1) Given a particle at position 4 at time S, its motion after time S is indepen-
dent of the motions of the particle before time S.

{ys) The distribution, at time # > S, of the position of a particle which was at
position A4 at time S is normal (Gaussian) with mean 4 and variance ¢, — S.

We now make two assumptions which will hold throughout the remainder of
this paper. The mass of the particles considered is unity, and all particles move in one
dimension only. All the results presented in this paper are invariant with respect to
the dimension of the space in which the particle moves, so these assumptions will lead
to considerable notational convenience. All results can be considered as vector
results, if the proper transpositions are made.

From axiom (y,), the probability that the position of the particle at time ¢, is
less than A, given it was at 4 at time S, which we will denote as

prob{z(#,) < A; | z(S) = 4},
is

! . [(6) — AP
[2n(t, — )P f - eXp% T ) A @)
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Using axioms (y,) and (y,) and some elementary probability theory, we find

prob{z(ty) < 4y, 2(t;) < Ay »en, 2(8) < Aa | 2(S) = 4}

— 1 4 i [ _l [z(rs) — z(r; )P
TGt — taD) (L — I I o J o NP 3 D R

X dz(ty) -+ dz(t,) (3

where 7, = S, and z(¢,) = A. The expression (3) gives the probability that the Brow-
nian-motion path z(r) is in the set (see Fig. 1)

{Z(S) = A! Z(tl) < Al s T Z(tn) < An} (4)

We note that, if, for example, we want the probability that z(¢z) << 10,5 < ¢ < T,
then we must extend the number of integrations from # to infinity. The integral on
the right-hand side of (3) with # finite or infinite is called a Wiener integral. For a more
detailed exposition of the Wiener integral, see Gelfand and Yaglom,'® Kac,®® or
Wiener et al.*® The Wiener integral of some function of the paths

ZS) = A, S <t <T)

will be denoted by E,*{F(2)|z(S) = A}.

The Wiener integral can be used to study Brownian motion and the processes
closely related to Brownian motion, such as the process (1). For example, the auto-
correlation coefficient of a stochastic process, p(?; , 1,), is defined as

oty 1) = ([t — <t unllz(t) — <z(rz>>ml>a

v

where the argular brackets denote averaging.

ty ta

Fig. 1. Typical Brownian motion path in set (4).
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In the present case, since, by definition [or by the same reasoning that leads to
@),
EA2(t)] 2(S) = A} = E{z(1)| 2(S) = A} = 4
We have, if 1, > ¢,
p(ty , 12) = E*{[z(t) — Al[z(t;) — A]| z(S) = A4}

1 0 o)
= GG =S | B — Al — 4]

{ 5[[2(11) — AP | [=() _Z(tl)]z]

Xexpé———z tl_S _T_ tz—tl

dz(ty) dz(t,)

Some calculation shows this to be ; — S, If £, > £, , then in the same way,
p(ty, 1) = f, — S. Therefore, we have used the Wiener integral to prove that the
correlation coefficient of Brownian motion is

plty, ) = min(t; — S, 4, — S) )
In the same way, it follows

E» z(t+Aj—-z(t)lZ(S):A§

. 1 f°° f” z(t + 4) — z(¥)
TP ) TS TR S B

( 1plz(z -+ 4) — z(0)]? [z(z) — 4P
Xemkmz[ . + H ]@uﬂ&a+4)

=0 if 40 , (6a)

and

<W[w+2"wTP®=4

1 © o ot + 4) — 2() P
T [emr () — PR f_w Lo[” Y, 2]

< oxp |~ 1 [[zawz —ZOF [Z(i)_—SA]" It ety ds -+
2% it 40 (6b)

Therefore, while the mean of #(¢) can be defined as

lim Bt + 4) — 2041 2(5) = 4} = 0

the variance of #(¢), if it exists, is clearly infinite, by (6).
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2.2. One might therefore equestion exactly what Eq. (1) means. Ito® was
the first to show rigorously how stochastic equations of the type

a(t) = f(t, 2(1)) + As(®)

could be defined (however, this type of equation was considered before Ito by physi-
cists as the Langevin equation; see Chandrasekhar(®).

It will now be shown how stochastic equations of the type (1) can be rigorously
defined using a generalization of Ito’s method. We suppose #(¢) is defined as

(1) = X(t) @)
Since x(S) = X and #(S) = Y, it follows that

*()) =2 tS P da + X ®)
M) = #S) =Y ®)

If we substitute (7)—(9) into (1), the result is
wm=ﬂmﬁ}@M+xmmwdmx WS =Y (10)

Integrating both sides of (10) from S to ¢ and dividing by A, we get

¥ = A [ F(ad [ 2B a8+ X W@) dat 20— 4+ YR (D)

where the substitutions z(S) = 4 and y(S) = ¥/A have been made.

Since it can be proved that Wiener measure can be defined so that almost all
z’s are in C[S, 4, T, where C[S, A, T] is the set of all continuous functions on the
interval [S, 7] whose value at S is A, it follows that solutions to the integral equation
(11) can be defined in the usual manner. If (-, -, ) is not suitably restricted, of course,
(11) may have none or more than one solution for some z’s in C[S, 4, T]. If, however,
certain conditions are put on f (see, for example, Doob® or Dynkin'®), then (11) has
exactly one solution, ¥(¢), for each z € C[S, 4, T.

This correspondence can be written explicitly as

y(@) = T, 2), (12)

since, as stated above, for each z(r), S < ¢ < T, there is exactly one solution, y(¢), of
(11). Equation (12) just writes out this correspondence. It is, of course, a nonlinear
transformation of C[S, 4, T] into C[S, ¥/X, T'), where Y/X is, of course, the initial
position of the y(¢) process. We can now define a o field and a probability distribution
on the y space using (12). The distribution on the y space is called the Ito distribution,
because it is induced by the Ito equation (1). If F(y) is some measurable, integrable
function defined on the y space, we denote its integral as

EFD) ¥(8) = Y/& (13)
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We define its integral to be [using (12)]

ENF(y() ¥(S) = Y/A} = E{F(T(-, 2)) 2(S) = A4} 14

For an exposition of the theory of measure-preserving transformations, see
Halmos.™ Since the integral (13) is now defined, it is possible to define any parameter
of the y distribution. The variance of y at time T is, for example,

ESy D) (S) = YA} = E{I(T, 2)P| 2(S) = 4}

As another example, let B be a measurable set in C[S, Y/A, T] and let yz(») be the
following function:

xe(»)=1 if yeB

(15)
=0 if y¢B

Then the probability y is in B (B might be, for example, {y € C[S, Y/A, T] y(f) < 10,
S <t < Tis, by definition E,Xy5(»)| ¥(S) = Y/A}, which is, by (14), E,*{xs(T(,2))]
z(S) = 4}.

It will be shown (Theorem 2.1), by changing variables, that the Wiener integral
on the right-hand side of (14) can be expressed in a manner which does not require
solution of the nonlinear integral equation (11) for all z € C[S, 4, T], which is, of
course, in general, a hopeless task. Now that the y integral and distribution have been
defined, it is possible, in the same way, using the 1-1 set of transformation equations
(7)-(9), to define the x distribution of Eq. (1), which we again call the Ito distribution.
Suppose F(x(-), #(-)) is a function which is measurable and integrable with respect to
the x distribution to be defined. Then, by definition,

EHF(x(), 4()) %(8) = X, &(S) = ¥}
()
—EfF(A [ @ X, w0))| 38 = ¥

= Ev

F (A f;’ T(a, z) dow + X, AT(: ,z))[ «(S) = Ag (16)

That this definition is, in fact, the same as the classical definition will be seen when
it is shown that the distribution function of x(¢) and #(¢) satisfies the classical back-
wards equation.

The case when Eq. (11) does not have unique solutions, while not considered in
this paper, is interesting and physically relevant. See Cameron® for some details on
this question.

2.3. Now let G{t, z(+)) be a measurable and (possibly) nonlinear function space
operator which takes continuous functions on [S, 7] into continous functions on
[S, T] and is such that G(z, z) does not depend on z past time . The G(¢, z) might be,
for example, G(z,z(-)) = ffg z(a) du + X, or the transformation (12). However,
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G(t, z(-)) could not be G(z, z(-)) = [5z() d, 7 < T, since this G(z, z(*)) depends on
z past time ¢ Ito®P has defined an integral

f:f (t, G, 2(), Z(t)) d(t)

which makes sense for f’s that are necessarily continuous. (See also Doob,®
Dynkin,® and Nelson.®® Nelson calls this integral the Wiener integral, and gives
no name to what we and most other authors call the Wiener integral).

It can be shown that (see Dynkin®), for rather weak conditions on fand G,

) '; £ (o Gl =), =) do(e)] =(5) = AE _o (17

and
E» 3( f : Flo, Gla, 2(4)), z(oc))ldoc)z l 2(S) = A$
= Ey» gflf(a, G(Ot, z(-)), Z(oc))2 do I z(S) = Ag (18)

2.4, Three lemmas will now be proved which will be needed later. They are a
generalization of a result given in Gelfand and Yaglom.®%

Lemma 2.1. If fi(«),..., f»() are in L2[S, T, then

Ev

[ ; fton) deto) = [ fule) do@)] 25) = 4] = 0

if m 1s odd,

[ A o) o [ @) (@) o+ [ Fonea(@) fulo)
N N N
+ [ A i@ o [ foa(o) fo(e) dov
$ 1 g t
ook [ AE@S [ oy a9 a0 o

if m 1S even

(19)

Proof. The integral tsfl-(a) dz(x) is defined to be the L2 limit (with respect to
Wiener measure) of step functions of the type 3 fi(#; ) Azik , where

dz; = 2(t;,.,,) — 2(15,)-

Let {z;} be a partition of the interval [S, 7] which is a refinement of the partitions
generated by the 7 . Let Adz; = z(t;.,) — z(t;). We note, by axiom (y;) or by the
definition of the Wiener integral, that the 4z’s are independent, and, therefore,

E{(dz;) (Az,) - (z;)" | 2(S) = A4}
= (E{(dz;)" | 2(S) = A}) -+ (E;"{(dz;)" | 2(S) = A})
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It can also be seen that
E»{(Az)" | 2(S) = A}

1
T ICPE(t — ) — SPP

et — 2P ) = AP} ) it

f:o f:o [z(t;)) — z(8)]"

(1
xop{— 4]
let
wy = 2(ti1) — 2(t)/(ti1 — 2 wo = z(t;) — Al(t; — S
Therefore,
Ex{(dz)" | 2(S) = 4}
n/2 1 © 1 2 2
= (L — L)"? - f_ (wy)" exp [* 3 (wy® + wo) ] dwy dw,

= (ti — )" tz%i/? f :0 (wp)" exp [

From tables, we find this to be zero if nis odd and (¢4 — t;)*2[1 -3 (n — 1)] ifn
is even. Some rather tedious combinatorial analysis shows that

£ (S A d5] [T ) 420,

if m is odd, since, if one interchanges the above finite sums and the integral, there
will always be an odd number of factors in each integral. If m is even, then (19) is

Zfl(li)fz(tj)(tj—i—l — ;) Zfz(ti)fts(zj)(tj+1 — 1) Y fna(8) Fut)t; — t;-1)
+ ot Zfl(ti)fm(tj)(tﬂl - tj) Zf(m/z)—1(’a‘)f(m/2)+1(tj)(ta'+1 - ti) @n

2(S) = Ag =0 (20)

Since the functions f;(¢) are in L[S, T, it follows that the sequence of step func-
tions converges properly, and the expression (21) converges to the right-hand side of
{19), which proves the lemma.

Lemma 2.2. If £(1),..., ,.(¢) are in L2(S, T), then
£ [ A0 a5 [ 70 do(@) - [ 7 £u) de(@)| 2(9) = 4] = 0
if m is odd, and is

' (@) fulo) dlx

.[min(tl,tz) mi Dt g,
s

AA@d [T @A o [

Jim /2)-1(0‘) S 4+2(®) do.

J‘mm“(m/z)~1vt(m/2)+1)

min iy, t,,}
o [ A o)

if m is even,
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Proof. The proof follows immediately from lemma 2.1 by letting
t = max(t ,..., ty)
and by extending the f{x) to the interval [S, T] as f(«) =0, t; < o < 7.

2.5. We now quote a result on the Ito integral known as Ito’s integration by-
parts formula.

Lemma 2.3. Suppose F(¢, X, Y)is defined forall real Xand Yand S < < T.
Suppose F; , Fy , and Fyy exist and are continuous there, and suppose z(z) is Brownian
motion with z(S) = A.

Then

F(r, | Z (o) da, (1)) — (S, 0, 4)
— f Z F, (t, f ; 2(w) da, z(t)) dt + f Z Fy (t, f 1 2(e) dev, z(t)) 2(t) dt
4 % f : Fyy (z, f : (o) da, z(t)) dt - f Z Fy (z, J: 2(a) dos, z(t)) ) (22)

The last integral on the right-hand side of (22) is an Ito integral.

Proof. The proof follows directly from Dynkin’s!® theorem 7.2 and an applica-
tion of the rule for differentiating composite functions.

We note that, if z(z) were an ordinary differentiable function of ¢, (22) would
follow directly from the rule for differentiating composite functions, if it were not for
the term ngy(t, f; z(x) du, z(¢)) dr. The reason for the appearance of this term is
given by Eq. (6); lim,_o(d/1 {[z(t + 4t) — z(¢)]/4}? is not zero (as it is for ordinary
functions), but 1.

2.5. The Wiener integral of F(z), E,» {F(2)} z(S) == A} is usually denoted in
physics works as

[ Feyexp |~ % JZ (O] dzg dz

(see Feynman™ or Donsker,™ for example). This is so because the Wiener integral
of the function F(z) can be defined as [see Eq. (3)]

. 1 © )
I oyt G P ) ] FEn 202)

X exp §~ % Z [Z(fi;rl) — z(t)J?

PAS Rl 7

dz(ty) - da(t,) 23)

where t, = S and z(f)) = A4, and where the sequences (t;) are becoming dense in
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[S, T]. Multiplying numerator and denominator of the fractions in the exponent by
(tiyy — 1), We get
1
lim

o [Qm)" (1, — tn~1) N AV IE f_w J_m F(Z(fl),-.., Z(l‘n))
% exp |~ 1 ly [MQT’ (fesn — 1)

by — 1

dz(ty) - dz(t,) 24)

If z(t) ex1sted and was in L2[S, T1], then the term inside the exponent would
become —3 J”S[z(t)]2 dt as n — oo, and then we could write, using (19),

E" %F(Z)] z(8) = § IF(Z) exp [ [z(t)]2 dt] Sz (25)
where [(---) 6z means
1 @ m
L'l?o [ (ty — tay) - (5 — S Lw f . (-+) dz(ty) ++- dz(t,) (26)

Un fortunately, however, the integral (26) does not exist (see Gross®®), and by
(6), neither does (£(¢))?. Yet the representation (25) is useful for understanding certain
theorems about the Wiener integral.

2.6. We now suppose the (¢, X, Y) of Eq. (1) to have the following properties:

() f(, X, Y) is jointly measurable in each of its three variables.

(8) The nonlinear integral equation (11) has a unique solution for almost
every ze C[S, A4, T1.

(y) There exists a nondecreasing function of a real variable f; such that
[f(z, [s 2() da, 2(1))| < fosup | z(¢)|). Conditions () and (y) are easily verified for a
given f. Sufficient conditions for (8) to hold are given by Doob® and by Dynkin,®
Chapter 11.

One of the important theorems of this paper will now be stated (see Dynkin,®
Girsanov,*? or Schilder®” for other hypothesis to this theorem)

Theorem 2.1. Suppose f(z, X, Y), satisfies conditions (x)(y), and F(x, %) is
any integrable function with respect to the Ito distribution defined by (16); then

ESF(x(), () x(S) = X, &(S) =

— Ep F(/\ fs’ T(t. 2) dt + X, AT(-,Z))‘Z(S) = Az

= E,» \F (/\ f(') y(e) do + X, )\J’(‘))

X exp [( 1/22) f f2 (z A f (o) do + X, )\y(t)) dr

AW [ 7(62 [ @ dn+ X 0@) d0)]| 50 = 1) @n

The last integral in the exponent of the Wiener integral is an Ito integral.
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Proof. The proof follows directly from Girsanov’s'? theorem 2. To see why
formula (27) is true, we note, from (16) (by definition),

E A F(x, %)) x(S) = X, #(S) = Y}

= E» F(A f(s) T(a, 2) dx + X, AT(- , z))! «(S) = Ag (28)

By (25), the last expression is, heuristically,

] F (A f :) T(a, 2) do - X, AT, z)) exp §~ % f : [ dt!| 8z (29)

By (12), 7(1, 2) = (), and, by (10), () = 5(t) — (/) F (2, [s3(x) dox -+ X, Xp(2)).
Substituting these two expressions into (29) (we are, of course, actually changing
variables), we get

[ F(a J(S’ y() dt + X, ()
<o )= 3 [ [0 — s (2 [ e da+ X 00)] @ o
This integral becomes, upon squaring out the term in the exponent,
[r(x] :) $(@) da + X, () exp %(—1/2/\2) f : (e ; $(a) do + X, My(t)) di
A [ 7(62 [ @ dn+ X 00) s d =5 [ Dord s
By (25) again, this is
B (0 [ @ o X 290)
x exp [(—1/2%) | : 72 Z ¥@) dx + X, W(0)) dt
+ ) [ 1 (12 [ @ det X)) 509 = 7

which “proves” Theorem 2.1. The reason this is not a good proof is that the integral
defined by (25) does not really exist.

Equation (16) shows that the expected values of functionals with respect to the
x distribution defined by (1) may be expressed as Wiener integrals. This representation
is, however, of little value, since it requires, in general, a solution of a nonlinear
integral equation. Theorem 2.1 shows that expected values of functionals of the x
distribution may be expressed as Wiener mtegrals one simply has to multiply them
by the factor exp[(—1/24%) f frde 4+ (1/%) f fdy(H)]. This factor is, of course, a
Radon-Nikodym derivative. The notation f = f(z, X [} p(«) d + X, Xp(2)) will be
vsed for the remainder of the paper if the meaning is clear.
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Corollary 2.1. Suppose F(t, X, Y) satisfies the conditions of Theorem 2.1;
then

£ oo [(—1729) [ 2+ ) [ raeo)]| ) = ¥ = 1

Proof. We let the F(x(-), %(*)) of Theorem 2.1 be identically equal to one. Then
the left hand side of Eq. (27) is one, since £, --- | x(S) = X, #(S) = Y7} is the integral
of a probability distribution. By Theorem 2.1, the right hand side of (27} is one.

2.7. The formula for conditional probabilities is
Prob{B | C} = Prob{B N C}/ Prob{C}.

This formula can be generalized to integrals as follows. By definition, for B and C
measurable sets in function space,

EJXF(x(), ()N x(S) =X, #S)=7Y, x€B, ieC}

_ EMxs(x) xe(®) Fx(), ()l X(S) = X, #(S) = Y} (30)
Exs(x) xc(2)| x(S) = X, #(S) = Y}

The notation on the left hand side of (30) reads, “The expected value of the
function F(x(-), #(+)) with respect to the Ito distribution given that x is in Band #is in
Cis..”.

A lemma is now given that will be used in Section 5.

Lemma 2.4. Suppose the integral of F(z) with respect to Wiener measure
exists; then

E*{F(2)] 2(S) = 4}
— Jf E» gF(z)l «S) = 4, f: 2(o) do = R§ d Prob §f: 2(x) do = R% dR (31)

d Prob{f§ z(x) doe = R} is the density function of the random variable f;rz (o) du.

Proof. If C;,i=1,2,3,.., is a collection of disjoint sets whose union is the
whole set, then a well known formula from elementary probability theory states
Prob{B} = (Prob{B | C;})}(Prob{C;}). The analog of the formula for integrals is

EFIF@) ) = 4) = ¥ B [F@)|25) = 4, [ @) dne ¢

X Prob UZ z(a) d € C;

2(S) = Ag

Let C; be a collection of nonoverlapping intervals on the real line whose union
is the entire real line, and let | C; | be the length of C; .
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From the above,
EM{F(z)] 2(S) = A4}
=Y E» 3F(z)! 28) = 4, : (o) dov e Cig

X Prob UZ 2(a) da e C;

«S) = 4[| C: 111 C;|
If the C; now shrink down to points, then Prob{[s z(x) dx € C; | z(S) = A}/C;

becomes d Prob{f§ z(o) de = R | z(S) = A}, C; becomes dR, and Y, becomes an
integral, which proves Lemma 2.4,

3. PARTIAL DIiFFERENTIAL EQUATIONS ASSOCIATED WITH
WIENER INTEGRALS

3.1. It is well known (see Doob,® for example) that the probability distribu-
tion function associated with Eq. (1) satisfies a parabolic partial differential equation
called the backwards equation. Fromthe discussion of the previous sectionand Theorem
2.1, it follows that this probability distribution function may be expressed as a Wiener
integral, and therefore that the resulting Wiener integral satisfies the backwards
equation. This fact will now be shown directly. First, however, a lemma is needed.

Lemma 3.1. Suppose g(¢, X, ¥) is jointly continuous and defined for
S <t < T, with X and Y real. Suppose f(¢, X, Y) satisfies the conditions of Theorem
2.1; then

£ [ g (1A [ @ da+ X 0) 0
—am f : g (z, 2 f ; (o) dx + X, )\y(t)) f(t, ) f : (o) doc + X, )\y(T)) dt
x exp [(=120) [ frar+am [ ]| ) = 1} = o (32
Proof. Let T(t, z) be defined by (12). Dynkin® shows the Tto integrals
f : gt ] tS $(@) do - X, y(®)) dy(@) and [ :g (e ] ; T, 2) do + X, AT(:, 2)) de(t)
are well defined. By Theorem 2.1,
o g | : gt ] ; T, 2) da -+ X, AT, 2)) do(t) 2(S) = Ag (33)

equals the left-hand side of (33) [again, this is really only the change of variables
2 = 9 — (1/X) f]. But (33) is zero, by (17).
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Theorem 3.1. Suppose f(¢, X, Y) satisfies the conditions of Theorem 2.1.
Suppose Q(t, X, Y) satisfies, for S << ¢ << 7, with X and Y real,

Qt(’a X: Y) _]'f(t, X> Y) QY + YQX _‘_ L(l’ X, Y) + ;2[-)\2ny =0 (34)
with
T, X, Y) = ¢(X, Y).

It is assumed that, in the region considered L, Q. , O, Oy, and Qxy exist and are
continuous. Then

0(S, X, Y) = EJ |$(x(T), (D) + | Z L(t, x(t), (1)) dt ’ X(S) = X, #(S) — Y; 35)

Proof. By Theorem 2.1, the right-hand side of (35) is

E/” ()\ f : y(@) do + X, Ay(T)) + f : L (r, A f : (o) do - X, ;\y(T)) dt
x exp [(-120) [ prae+ a1 a0)]| 39 = ¥ (36)
By hypothesis,

(0] e dn+ X201 = Q11| 3@ do + X, (7))

Substituting this into (36) and using the Ito integration by-parts formula (22), (36)
becomes

E2»

0, X. (8 + | Qv (82 [ 5 da - X, (0) i

T T T T
XM [ Oey@dt+ 122 [ Quydt+ X[ Ordv)+ [ Lai
N S S s

< exp [(—120) [ prae+ 4 [ ao)| xs) — | (37)

The partial differential equation (34) is now substituted into (31), which is equal
to

£ 108, X 0) + A [ Qv — [ 0yt
S s

x exp [0 [ prae+-am | :fdya)]l y(s) = Y

which equals
£ {005, X, () exp [(~1729) [ r2de + () [ 7 @)]| w8) = ¥
g ([ ovavy—am [ ovrar)

xexp [(-12) [ p2dr = ) 7] ns) = v
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The second integral is zero, by Lemma 3.1; the first is Q(S, X, Y), by corollary 2.1.
This proves the theorem.

If, in (34), we let L =0 and (X, ¥)=1if X < X, and Y < ¥ and zero
otherwise, then (34) becomes the backwards equation. Also, the integral (35) becomes
exactly the probability that x(77) < X; and ¥(T) < Y, , as it should.

3.2. Consider now the problem of minimizing
R(S: X: Ys u(. s s '))

= E,} f : Lz, x(2), #(t), u(t, x(1), 2(1))) di +(x(T), a'c(T)), xS) =X, (S) =Y

(38)

where x has the Ito distribution defined by
& = f(t, 2(1), x(2), u(t, x(2), (1)) + A1), HS)=X, HS)=7Y (39)

over a set of “control functions™ u, where u(z, X, Y) is contrained to lie in some set U.
We will derive an equation for the minimal R, using Wiener integrals, and show
that, for an important special case, the solution of this equation can be expressed in
terms of a Wiener integral. A u which minimizes (if one exists) the R of (38) will be
called w*(r, X, Y). Let R¥S,X,Y)= R(S, X, Y,u*(,-, ")), and f*(, x, %) =
f(t, x, &, u*(t, x, &)).
Also let

-H(ta X; Ya R) = }}25 {f(tz *X; Y> u(ta X: Y)) RY _,— YRX + L(Za X) Ya U(t, X: Y))} (40)

Definition (40) means that, for each fixed ¢, X, ¥, and R minimize the right-hand
side for u € U. Call a u so obtained i.

Theorem 3.2. Suppose f(z, x, %, u(t, x, #)) satisfies the assumptions of
Theorem 2.1 for u in some control class U. Suppose the function L(1, X, Y, u(t, X, Y))
is defined and continuous, S < ¢ < 7, with X and Y real or each e U. Suppose
that the differential equation (the stochastic Hamilton—Jacobi equation)

R,+H(t,X,Y,R)+ I Ryy = 0 4D

has a continuously differentiable solution R. Then R = R* (the minimal value of R)
and the u defined by (40) is a u*.

Proof. From (22), if z(¢) is Brownian motion
—_— T ——
R (T, A j 2(a) do + X, AZ(T)) — R(S, X, Az(S))
5
= [ R+ 9oRyy + MRz di 4 ) [ Ryde))  (42)
S S

822/1/3-8
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From (40) and (41), it can be seen that the integral with the brackets is
T ¥ _ t
[—7 (62 [ 2@dn+ x, )\z(t)) Ry (1,2 f 2(e) do + X, 22(0))
vs 8 S
— 17
— I (:, A f 2(w) do + X, )\z(t)) dt (43)
S

where
JOX, V) =f(t X Va0 X, V)  and L0 X, ¥) = L(t X, Y, X, Y))
Since
R(S, X, V)
= B2 {R(S, X, () exp [~ @) [ prar 00 [ s a6 = ]
‘ T N N

where f(1, X, Y) = f(t, X, Y, u(t, X, Y)), and u is any u € U, it follows by substituting
(42) and (43) into the last equation that

R(S, X, V)
= Ev g”: (FRy + Lydt — X f: Rydz(t) + R (T,/‘\ j:z(a)da 1 X, )\Z(T))]

X exp [(~1/2A2) f Z frde- | : fdz(t)” 2(S) = Y/)\%
= B[ GRy+ D+ | R — Ruf)dt
T T
—A fs Rydz(t) + R (T, A fs 2(a) dx + X, X2(T))
T T
x exp [(~1/22) [ TR | i fdz(t)”z(S) — Y/A}
From Lemma 3.1, it follows that
£ g[f: Ryfdt — A f: Ryde(t)]

X exp [(~1/2)\2) j Z Frdt - (1N f : fdz(t)”z(S) ~ Y/A% -0
Thus,
RS, X, V)
= E" g[fz (fRy+ L — Ryf)dt+ R (T,/\ f:z(oc) do + X, /\Z(T))]

x exp [(~1/229) | : e+ am | : r=@)|5) = ¥
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For any u € U, it follows that, since R(7, X, Y) = ¢(X, ¥) from the definition
(38) and Theorem 2.1,

RS, X, Y) = E,» 3“: Ldt+ R (T,) sz(oc) da + X, Aa(T))
xexp (<1209 [ prae+ ) [ rasto)]| 28) = ¥
Subtracting R from R, we have
R(S, X, ¥) — R(S, X, ¥) = E,» U: (fRy+ L) — (Ryf + Ly dt

x exp | —(1/2) | : Frac- ) | Z fdz(t)]’ 2(S) = Y/Ag

but, by (40) fRy + L > fRy -+ L for all u € U and all X, ¥, and ¢ Thus,
R(S,X,Y) > R(S, X,Y). QED.

The proof is practically a literal translation into the terminology of this paper of
the one given in Wonham.“$ Wonham specifically states that his proof is not rigorous.
The proof of Theorem 3.2 is, however, perfectly rigorous—due to the assumption
that Eq. (41) has a continuously differentiable solution.

3.3. In this section, it will be shown that, if the fand L of Theorem 3.2 are of a
special form, then the solution of Eq. (41) can be given in terms of Wiener integrals.
Let L be of the form

Lt X, Y, u(t, X, Y)) = L(t, X, ¥) -+ }u%(t, X, Y) 44
and f be of the form
f& X, Yut, X, Y)) =f(t, X, Y) + u(t, X, Y) (45)

and let the control class U be the set of all functions such that the f of (39) satisfies
the assumptions of Theorem 2.1.
It is easily seen that [see (40)], for this case,

Hit X, Y, R
= min{(f(t, X, Y) + u(t, X, Y)) Ry + YRy + L(t, X, ¥) + 3¢, X, Y)}
:f(ta X’ Y) RY + YRX—!_ L(t9 X’ Y) - %RZY

since the # which minimizes H in this caseisu = —Ry, or u(t, X, Y) = —Ry(t, X, Y).
Thus, in this case, Eq. (41) becomes

R, 4+ fRy+ YRy+L— LRy + 32Ryy =0, R(T,X,Y)= $(X,Y) (46)

where ¢ can be any continuous function.
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In this case, the Tto distribution of x for the optimal u# by Theorem 3.2 is given by
& = f(t, x(1), (1)) — Ry(t, x(2), #(t)) + Xe(1),  x(S)=X, #(S)=7Y @7

Tt will now be shown that the expected values of functions with respect to this
distribution, henceforth called the optimal distribution, can be expressed in terms of
Wiener integrals, without solving (46), and that the solution to (46) can be expressed
as a Wiener integral. It is shown in Section 6 how to obtain series expansions for R
and .

Theorem 3.3. Suppose the functions fand L satisfy the hypothesis of Theorem
3.2 and that they are in the form given by (44) and (45). Suppose, also, that (46) has
a well-defined solution; then

ES F(x, #)] X(8) = X, #(S) = Y}

— Ep gF (A ;” 2(e) doc + X, ()
X €xp [~A~2 f: (L + %fz) dt 4 X1 f:fdz(t)
— i (| : 2(e) do + X, 2o(T)) ]| 265) = Y

-+ E¥

exp 1 [ : (2+ar)de+ x| Z Fas(t)
— a2 (x ] : 2(0) da + X, Xe(0)) ]| 5) = Y/A§

where E,%{-+-} is the distribution defined by (46) and (47).

Proof. From Theorem 2.1 and (47),

Exo{F(x: x)! X(S) = X, x(S) = Y} = EY

F(u| :) 2(0) dec + X, ()
x exp [(~1/28) | : (f — Ry dt

+ A [ S0 — 0 [ Ryde®)]] 25) = 1N

From (22), with R substituted for F,
— T —
R (T, A H@)yde+ X, /\z(t)) — R(S, X, Xz(S))
S

T T T _ 1 T _
=f tht—{—}\f Rde(t)—{—)\f RXz(t)dt—l——)@f Rypdt
S S s 2 R)
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Solving this expression for (1/X) f:Ry dz(t), and squaring out the
T —
—(12%) [ (f = Rypar
s
term, we get

ELNF(x, )| x(S) = X, #(S) = Y} = E¥

(=)
F(A j RECE R /\z(-))
X exp 3/\‘2 f:— %fz +fRy
- 5222 AR, 4+ ARzt + %R,,y) dt
1 [ o) + [R(5, X, 2e(5)

—R (T, py f: 2e) do + X, Az(T))] /\22

2(S) = Y/Ag
From the partial differential equation (46), it follows, by substitution into the
integral of the exponent, that
ELF(x, #)| x(S) = X, %(S) = Y}
)
— Eo \F (A [ 20 da+ X, 220)
A
T 1 T
X —1/22 L+ /2 dt + (1/2 dz(t
exp [(~1/3%) [ (L4 5r2) di+ ) [ fae)
T —
~$(rf A dx+ X, X(T)) /Az][ 2(S) = Y/Ag exp[R(S, X, Y)/A?]  (48)
If, in (48), we let F(x, &) = 1, then, from Corollary 2.1, it follows that
EM1x(S)=X,3(S) =Y} =1

and, therefore, that

1

1 = E2 jexp [—;z—f:(L—l—%fz) dt

R(S, X, Y)
)\2
(49)
From (48) and (49), this time with a general F(x, %) in (48) it follows, by solving
(49) for exp[R(S, X, Y)/X?], that

+ % f :fdz(t) — ¢ (/\ j : 2(e) da + X, /\Z(T)) / /\2] 2(S) = —if—g exp

ENF(x, 2)] x(S) = X, #(S) = Y}
()
— Ew §F (rf | @) dat X, 22())
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x exp [(—19) [ (L4 57%) de+ ) | N0

«S) = Y/A}

—¢(r] : 2(0) da + X, A=(T)) %]
= B foxp (<1 [ (L4 5r?) a

«(S) = Y/A$

+am | Z Fae(ty— ¢ (2 | : 2e) do + X, M(T)) /]

which was to be proved.
The following corollary follows immediately from (49) by solving it for R(S, X, Y).

Corollary 3.1. Iff, L, and R satisfy the conditions of Theorem 3.3, it follows
that

R(S, X, Y) = — XIn (Ew gexp [(—1/)\2) j Z (L . % fZ) dt + (1) j : Fa(t)

«(S) = Y/Ag) (50)

T
— ¢ A | z(x)d X, xz(T)) /A2
(1 [ 2@ do+ X 2(D) ]
Corollary 3.2. Iff, L, and R satisfy the conditions of Theorem 3.3, then the
solution to (46) is given by (50).

Proof. The proof is immediate.

Lemma 3.2. Continuously differentiable solutions to the nonlinear partial
differential equation (46) are equivalent to positive, continuously differentiable
solutions of the linear equation

W, +fWy+ YWy — (LW/X2) + 1X2Wyp = 0, W(T, X, Y) = exp[—¢(X, Y)/A?]

(5D
under the transformation
W(t, X, Y) = exp[—(1/x) R(z, X, Y)] (52)
Proof. Let W be defined by (52); then
W= — WRt//\29 Wy = —WRy/X, Wy = —WRy/X,
Wyy = (— WRyy/A%) -+ (WRyy[X) (53)

Upon multiplying (46) through by —(1/A%) W and using relations (53), the
result follows. The terminal condition is obvious.

Theorem 3.4. Suppose equation (51) has a positive, continuously differen-
tiable solution W(¢, X, Y), and suppose

80, X, Y) = f(t, X, Y) + A(In W)y
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satisfies conditions («)—(y) of Section 2; then
0]
W(S,X,Y) = E/»

exp [(-1/)@) f Z (% 2 L) dt

+ 1/ f : fdz(t) — ¢ ()\ f : 2(a) do + X, /\z(T)) /,\2]

2(S) = Y/A§

(ii) The hypotheses of Theorem 3.3 are satisfied by g and L, and therefore
Theorem 3.3 and Corollary 3.1 hold for this g and L.

Proof. The proof follows immediately from Lemma 3.2, Theorem 3.3, and
Corollary 3.1.

3.3. Dynkin® has proved Theorems 2.1, 3.1, and 3.4 under different sets of
hypotheses. In particular, he shows all these theorems are true, if snitably modified,
under the hypothesis that the particle stays in a certain region of space, or equivalently,
that the solutions to the partial differential equations (34) and (51) vanish outside a
given region.

Unfortunately, he usually does not consider the time-dependent case. He shows
existence and uniqueness for differential equations (34) and (51), and these results
makes Theorem 3.3 applicable in a rather general sense. Due to lack of space, his
results cannot be listed here. (See also Skorokhod.“V)

The nonlinear transformation (52) was first used by Hopf.®® It was first used for
Wiener integrals by Donsker. Varadhan®® was the first to show that the Wiener
integral could be used to solve an equation similar to (46). The author®®® was appa-
rently the first to notice that Wiener integrals could be used to solve stochastic
extremal problems. A hint of how Theorem 3.3 might be generalized to solve more-
general stochastic Hamilton-Jacobi equations might be in Varadhan’s work.“?

A more general version of (1) is

& = £(2, x(0)) + B(0) 4(7) (54)

where x(2), f(, x(t)), and z(¢) are possibly vectors, #(¢) is Brownian motion, and B(t)
is a possibly singular matrix. In Schilder,® it is shown how this more general type of
equation can be transformed into (1).

4. APPLICATIONS TO STOCHASTIC CONTROL THEORY

In this section, we give some applications to the theory of modern stochastic
control theory. For a more detailed discussion of the problems and procedures of
modern control theory, see Friedland ef a/.'% or Wonham. “3:4%)

A fairly general problem in control theory is to describe the probabilistic structure
of the path of an airplane, satellite, or rocket whose dynamics are controlled by an
equation of the form

&= f(t, x(0), () + As(1), x(S) =X, HS)=7Y
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This problem, of course, has been discussed previously in this paper. It follows
from Theorem 2.1 that, for any function F(x, &) measurable and integrable on the Ito
process defined by (1),

EJ{F(x, )] x(S) = X, #S) =Y}

— B P (2 [ o) d+ X, 2209)

X exp [~(1/2/\2) f : frde 4+ (1) f Z fdz(t)]lz(S) = ¥\ (55)

If we let F(x, £) = [x(T)]", then (55) is a formula for expressing the value of
the nth moment of the position of the vehicle at any time 7' > S.

If we let F(x, %) = [#(T)]", then (55) is a formula for expressing the value of the
nth moment of the velocity at a time 7' > S.

If we let F(x, £) = 1 when x € 4, and F(x, &) = 0 when x ¢ A4, then (55) is a
formula for the probability that the vehicle stays in a given region A, which might be,
for example, a vicinity of the moon.

The control problem was considered in Sections 3.2 and 3.3. The problem is
now, not only the description of the path of the vehicle, but also the necessity to make
the vehicle move in such a way that the quantity R of (38) is minimized. The quantity
L of (38) might be, for example, the amount of fuel used by the vehicle, and ¢(x, )
might be the sum of the distance the vehicle is from a given spot (the moon) and the
square of its velocity. Clearly, in designing a control u for the vehicle, one wants to
minimize the total amount of fuel used, the distance from the terminal place at the
terminal time, and the velocity at the terminal time (if one wants to stop at the ter-
minal time).

It was shown (Section 3.3) that, for a special case, this problem can be explicitly
solved in terms of Wiener integrals. This special case could cover the above example,
if the force is additive. More research will undoubtedly show how to express the
solutions to more general control problems in terms of Wiener integrals or integrals
closely enough related to Wiener integrals so that the approximation techniques of
Section 6 can be used.

We consider now a slightly different problem. In most control problems, one has,
at best, only a foggy notion of the exact position or velocity of the vehicle. The control
problem described in Section 3.2 implicitly assumed that the position and velocity
were exactly known to the control u—since u was assumed to be a function of x and #.
Thus, a closer approximation to reality can be obtained if it is assumed that one can
know x and % only up to some noise factor.

The general solution to the control problem when there is noise in the force
factor and when there is noise in the control system has not yet been obtained—not
by Wiener integrals, nor by any other method, except in the linear case.

However, Kalman and Bucy?5:26 showed how an optimal estimate of the position
and the velocity of the vehicle could be obtained given certain noisy observations of
position and velocity. Kalman also showed that his method had close connection to
the Wiener technique of analyzing stationary time series. Kalman, however, assumed
that the force equation (1) was a linear equation.
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It will now be shown that a general solution to this problem, henceforth called
the Kalman problem, can be obtained for nonlinear equations in terms of Wiener
integrals.®

Consider now the system of equations

&y = .fl(tr xl(t)a 2,(t )) + )‘z'l(t )
&y = fz(ta xol1), (1), ’2’1(2)) + Agy(t) (56)
x(S) = X, #(S) = Y,

where z,(¢) and z,(f) are two independent Brownian motions and x, and x, are two Ito
Processes.

The Kalman problem now is, given that we know x, , what is x, ? Or, more (less)
exactly, since x; is a random quantity, what is the distribution of x, given that we
know x,(¢), S <t < 17

The distribution of x, given x, will, of course, following the main theme of this
paper, be given by giving the expected value of every well-defined function F(x; , #;)
with respect to distribution of x; given x, .

The formula for conditional expectations is, from Eq. 30, for B a set of positive
measure,

EJXF(x; , %)l %,(S) = X3, #(S) = Y3, x, € B}

o Emll,xz{F(xl , %) x5(x)l X1(S) = X1, %,(S) = Yy}
- Ei'l,mg{XB(xZ)l x](S) = Xl » xl(S) = Yl}

From Theorem 2.1 (for two-dimensional processes) this is equal to

(7)

Er . 3F (r] :)zl(a) doc+ Xy, 250)) o (A | :Zz(a) ds + X)

X exp [—(2/\2)—1 f Z (f2+ D adr

4+ A1 (fifl dzy(t) + JAZfz de(t))}

7y(S) = Y1, 2y(S) = Yz%

W
21532

xa (A [ ) do + X,)
x exp [~ @t [ (52 + £ de
22 ([ fida® + [ S]] 25 = 1229 = Y,

Whel"e xz(S) = X2 5 xz(S) = Yg .
‘We now let B be a measurable set containing the observed x, , and multiply and
divide the above fraction by E,*{iiz(X [ 2(c)) do + Xp)| 2(S) = Yo/X}.

3 Other solutions to the nonlinear case have been obtained by Friedland and Bernstein,*® Kushner,®®
Bryson and Frazier,™) and others.
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We now let B shrink down to the observed x, . It may be shown that the integra-
tion on the z, variable disappears and that, wherever the z, variable appeared, it can
be replaced by #,/A. Therefore, in the limit as B — x, , (57) becomes

EXF(x; , %) x,(S) = X, &4(S) = Y, X}
8]
— B gF (A [ 2@ dn + X, 220)
Ny
T
x oxp [~ [ (f2+ 4 dt
Y
T T
+ o0 [ fase) + 32 [ frdso)]|25) = x|
N S
) T
+ E2 jexp [0 [ (4F + A0 d
T T
20 [ fde(t) + 3 [ frdn®)]| 269) = x| (58)

‘We state the above result as a theorem.

Theorem 4.1. Suppose the two-dimensional vector-valued function
2, xp, &), f3(2, x5, X1, %) satisfies the conditions of Theorem 2.1 in vector form, and
that the second derivative of the observed function, x,(¢), is absolutely continuous.
Suppose further that f3; , for | » fox, s fox, » and fop ¥, exist and are continuous.* Then

E} {F(x,(0), 2())] %,(8) = X, #,(S) = Yy, %,(")}

= B (M [ 2@ da+ X, 2e0)

x exp [~ @0yt [ (24 £ dr
T T
31 [ fdet)+ 32 [ frdsf)]| 25) = s
= B foxp [—@0 [ (2 + £ de
T T
[ fdety+ 32 | £, a5 28) = Y| (59)

Theorem 4.1 gives a complete solution to the Kalman problem, since the expected
value of any function of the x; process can be expressed given x, and %, . It is, of
course, not in a convenient computational form. In Section 6, it will be shown how
to evaluate ratios of Wiener integrals. Schilder® shows that, in the case where
fi and f; are linear, the result given here agrees with the original Kalman—Bucy result.

* These last conditions are necessary to ensure that § o dz(t) — j‘g frdX(t) as B— x, .
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It will be shown now that, in the case that F(x, #) happens to be of the form
F(x, %) = ¢(x(T), #(T)), (59) can be evaluated using partial differential equations.

Corollary 4.1. Suppose that f; and f, satisfy the conditions of Theorem 4.1
and that the partial differential equation

Wit, X, Y) + fiWy — YWx + (1R [filt, x:2), X, T) &s(2)
— 3L X, DI W+ $8Wyy =0 (60)
has a well-defined solution for each of the terminal conditions
WTX,Y)=&dX,Y)>0 61
W, X,Y)=1 (62)
Then

WS, X,Y)=E>

T T
$ (2] ey da+ X, 2a(T)) exp [~ @27 [ (42 + fi2) di

T T
2 [ fide+ 2 [ friyde ]! 2(S) = YA—lg
S S
which is the numerator of the right-hand side of (59), solves (60) with terminal con-

ditions (61), and
WS, X, 1) = B2 fexp [—@0 [ (52 + a4+ 2 [ et

e | : £t dt” «S) = Y/\—lz

which is the denominator of the right-hand side of (59), solves (60) with terminal con-
ditions (62). Both x,(f) and #,(¢) are assumed known.

Proof. The proof is immediate from Theorem 3.4.

We note that, if fy(t, x,(r), x,(¢), %,(¢)) does not depend on x,(z), #(#), then
knowledge of x, gives no knowledge of x, , and f; is just a function of ¢ if x, is given.
It is a well-known result that, in this case, solutions of (60) can be written in the form

W, X, Y) = Wt X, ¥)
x exp {(110) [ [fib0) —3 £ e,

where W(t, X, Y) satisfies (60) with £, = 0. If W(¢, X, Y) is given terminal conditions
(61), then it can be seen that Wy(¢, X, Y), defined above, is simply

Wt X, Vyexp (199 [ [ Ao — 557] o
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while by Corollary 2.1, Wy(t, X, Y) is exp{(l /)\2)fiT [ f28:() — % f32] dt}. Their ratio is
the solution to the Kalman problem, and is just Wy (¢, X, Y). By definition, Wy(z, X, Y)
satisfies the ordinary backwards equation, as it should, since, in this case, there is no
additional knowledge of x; . Other authors who considered the nonlinear Kalman
problem apparently did not make this check.

For other applications of Wiener integrals to engineering, see Wiener,®® Wiener
et al.,"*» MacDonald,®® and Schilder.3®

5. APPLICATIONS OF WIENER INTEGRALS TO PHYSICS

5.1. As stated in Section 2, Brownian motion was first devised to describe the
motion of a particle in a fluid. While a number of characteristics of this model fit very
well to the physical situation, by (6), the variance of the velocity of the particle is
infinite. Classical kinetic theory holds!®® that the kinetic energy is proportional to the
variance of the velocity, so that, clearly, some modification of the original hypotheses
must be made.

The equation

#(0) = f(t, X)) + Ba(t) + X)),  x(S) = X ~p(S, X), (S)=u(S,X) (63)

has been proposed to describe the motions of a particle in a solution whose position
is x(¢) at time ¢, which is acted upon by an external force f(z, x(¢)), by a drag force
B#(t), and by a random force A#(z) corresponding to the particle being bumped by
molecules of the solution. The initial position of the particle, X, is now assumed to be
random with a distribution equal to the normalized density of the particles at initial
time S, and the initial velocity is assumed to be a function of the particle’s initial
position, u(S, x(.5)). For more details, history, and applications of this model, see
Chandrasekhar® and Nelson.® Equation (63) is, of course, simply a statement of
Newton’s second law with a random force. Now #(¢) has the dimension of z(¢), so that
it has finite variance. While the model (63) was first proposed just to describe the
motions of heavy particles in a relatively lighter solution, Kirkwood®” and Kirkwood
et al.®® show, for “liquids and other condensed systems,” that the Ito equation (63)
is actually a consequence of the (nonrandom) equations of motion of all the particles
of the fluid; that is, for liquids and other condensed systems, x(¢) can denote the posi-
tion of a molecule of the system. Other authors®®-3% have proposed that (63) can be
used as a model for studying departures from equilibrium.

We note that (63) is a special case of (1) if the initial conditions of (1) are ran-
domized. If, now, F(x, %) is some function of the position of the paths and their
velocity, then it can be seen that

ESF(x, )] x(S) = X ~ p(S, X), (8) = u(S, X)}

= fl EAF(x, )| x(S) = X, &(S) = u(S, X)} p(S, X) dX (64)

where again the notation X ~ p(S, X)) means that X has the distribution p(S, X).
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If £(z, x(t)) + B#(¢) and F(x, %) satisfy the conditions of Theorem 2.1, it follows
from Theorem 2.1 and Eq. (64) that
EHF(x(), 4())| %(S) = X ~ p(S, X), #(S) = u(S, X)}

<[ Eelr(x] :) (o) do + X, ()
X exp |~ | : [7(e ] ; 2(0) o+ X) + BAz(t)r dr
| : e }: (o) do + X) de(t)
| : 20) (0] 2(5) = X} u(s, X) § oS, X)dX (65)

From (65), it follows immediately that any thermodynamic function of a fluid or
collection of particles whose equations of motion are described by (63) can be ex-
pressed as a Wiener integral. The Wiener integral thus becomes a kind of partition
function for nonequilibrium problems. Two of the important parameters of fluid
dynamics are the density at a point P at time T, p(T, P), and the average velocity u of
all particles at point P at time 7. They can be defined as

p(T, P) = lim {E/[x5(x(T))| x(S) = X ~ p(S, X), &(S) = u(S, X))/| BI} (66)
(where B is an interval containing P, and | B | is the length of B), and
(T, P) = EH&(T)| x(S) = X ~ p(S, X), #(S)=u(S,X), X(T)=P} (67)

They can be expressed as Wiener integrals as follows:

Theorem 5.1.5 Suppose f (1, x(?), 4(¢)) satisfies the conditions of Theorem 2.1;
then the density p(7, P) at point P and time T is

p(T,P) = E"

o (S,P ) j:z(a)da)
x exp [~ | : fra o | : fae()]
jz(S) =t (5, — A Z 2(«) doc)g (69)
and the flow (average) velocity at T, P is
W(T, P) = [1/p(T, P)] E;* g)\z(T) plsP—2] : () de
x exp [~ | : frdia | : fdz(t)]’ «8)

=X (s,P— 2 Z (<) da)§ (69)

% Since no extra difficulty is involved, this theorem is stated and proved for a general f(z, x(¢), %(?))
and not one of the form f(z, x(r)) + B:(v).



502 Michael Schilder

Proof. Let B(P, €) be the interval [P — le, P -+ Le]. Then | B (the length of B)is
e. Let, as before,

XspaX) =1 if P—3e<X<P+3e
=0  otherwise.
By (65) and (66),
p(T, P) = lim | B E (1)) x(S) = X ~ p(S, X), #(S) = (S, X)}

= lim < | i Ew

-0

T
9 (A da+ X
XB(P,o ( fs 2(o) do + )
T T
X exp [—(m)—l f frdr £ - j fdz(t)” 2(S) = A-1u(S, X)! o(S, X) dX
s 5 |
Multiply and divide (under the one-dimensional integral) by

E»

ot (3 [ 2@ dn + X)|29) = (1 uts, 30|

Thus,

E"{xpp.0 [A [ 2() doe + X]

x exp[(—220)7 [Ifrdr + X1 [If dz(0)]] 2(S) = AL u(S, X)}
E*{xpp,0 [ 2(2) da + X)| 2(S) = (A7) u(S, X)}

e P = lim [

X e iE®

T
Xate. (A [ 2(e) do - X)|2(8) = At (s, 1) p(S, X) dx
By (30), the first ratio of Wiener integrals is
Ev geXp [ —xy f Tprgr g f i fdz(t)]‘ (S)
S S
= XS, X), A [ 20) da+ X € BP, o)
S )

By definition, €2E,*{xp(p o(X [ 2(x) dox + X)| 2(S) = X"u(S, X)} is

T
e_IPr0b§P~le<)\f z(oc)doc—l—XéP—f—le
2 s 2

2S) = A u(S, X)g
Therefore,
o7, P) = | 1 Ev gexp [~ | Z frdiy o | : fdz(t)” 2(S)

= X u(S, X), A f_: o) do - X — Pg

% dProb ;A | : 2o)da+ X = P ‘ 2S) = A1 uS, X)g o(S, X) dx
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where
T
d Prob 2/\ f Ao)do 4+ X = P l 2(S) = At u(S, X)%
is the density function of the random variable A f s 2(@) do +X The function p(S, X)
is now moved under the Wiener mtegral sign. Since A fs zZ(«) do + X = P in this

integral, it follows that X = P — X f s z(o) da. Making this substitution whenever X
appears,

p(T, P) = f:o Ex ,p (S, P—A J: z() doc)

x exp [ (@) | : fra | : fdz(t)” %S)

=)r1u(S,P-—)\J.:z(oc)da),)\j:z(oc)da=P——X$
% dProb %A f:z(a)da:P—X}Z(S):u(s,P—Af:z(a)da)g dx

We now change variables in the one-dimensional integral, letting P — X = R,
and the result follows from Lemma 2.4 (read from right to left).
By definitions (67) and (30)
oT. P) — tim PO XD 55) = X ~ plS, X0, 5(5) = u(S, X))
| 5or E{yp(x(T))[ %(S) = X ~ p(S, X), %(S) = u(S, X)}

This expression can be rewritten, in the same way as p(7, X), as

© E{xz(T S, X)dX
o P) — lim Jom 0D 1 (S, 20
-0 .Lm E*{{} p(S, X)dX
‘with .
= A d X
{ = xsr,0 ( fs z(e) doe + )
T T
x exp [—@¥) f x| fdz(t)]' 2S) = A1 u(S, X)
Mutltiplying and d1V1dmg this expression under each one-dimensional integral
sign by E,*{xz(pa(X f s z(@) doc + X)| 2(S) = A~%u(S, X)} and using (30), we have
w(T, P)
J2, E{2a(T) m)
— tim X [° E"{xse,0A 5 2(e) doe 4 X)| 2(S) = Xt u(S, X)} p(S, X)dX
e [7 E ) 2 E{xap.o(A T 2(0) do + X)| 2(S) = A u(S, XD} p(S, X) dX

with r r
n=exp [-@0) [ frded X | i fdz(t)]’ «(S)

T
= X1 u(S, X), A f 2(0) do - X € B(P, €)
Ry
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Upon multiplying and dividing this expression by e and taking the limit in the
same way as with p(z, P), we obtain the desired result.

Jeans®® defines the kinetic energy of a nonequilibrium fluid at a point to be pro-
portional to the mass of the molecules concerned times the variance of their velocity
at the given point. Thus, if the units are picked properly, kinetic energy can be defined
in the present case at time 7 and point P as

K.E. (T, P) — EX[HT) - u(T, P)I | x(S) = X ~ p(S, X), &(S) = u(S, X), x(T) = P}
(70)

Jeans also shows that the pressure at a given point is proportional to the kinetic
energy of the fluid at the point times the density of the fluid at the point. Thus, if the
units are picked properly,

Pressure(T, P) = K.E. (7, P) p(T, P) 1)

where K.E. (T, P) is defined by (70) and p(7, P) is defined by (66). Of course, both
kinetic energy and pressure have representations as Wiener integrals in the same
way as the density and average velocity do.

The proof of the following theorem is given in Schilder.®® It is too long to be
given here. It shows that p,u, and Pressure satisfy a system of nonlinear partial
differential equations similar to the Navier-Stokes equations.

Theorem 5.2. Suppose f(¢, x(1), %(t)) satisfies the conditions of Theorem 2.1.
Then

lim p(T, P) = p(S, P, lim u(T, P) = u(S, P) (72)

pi + (up)p =0 (73)
uy + uup = (—0p/p) + EL{f(T, x(T), H(T))| x(S)
=X ~p(S, X), #S)=u(S, X), x(T)=P} (74)

with p and u definedfby (66) and (67), and Q(T, P) = Pressure(7, P). In the case that
f(t, x(1), %(2)) is of the form f(¢, x(¢)) + Bi(?), the last term of (74) can be written as
(T, P)+ Bu(T, P).

For other applications of Wiener integrals to physics, see Feynman and Hibbs, ¥
Kac,® Wiener,® Wiener et al.,“ MacDonald,®® Nelson,®2 Martin and
Segal, 0 Gimibre,® and Gelfand and Yaglom.®

6. EVALUATION OF WIENER INTEGRALS

6.1. In this section, a power-series expansion in even powers of X for Wiener
integrals will be given. This series first appeared in Schilder,® although the coeffi-
cients were not evaluated there. First, a lemma is needed. It shows how to evaluate
“Gaussian Wiener integrals” (see Feynman and Hibbs1),
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Lemma 6.1.

Suppose that the functions a@,(¢),..., a5(t) are continuous in the
interval § < ¢t < 7, and that the ricatti equation

Cyr) = laf(t) — CHOP + 2a5(r) — 2C(t)
Cy(t) = lay(r) — Cl)]las(t) — C(D] + ax(t) — Col)

(75)
Cot) = [as(t) — C()P + 2a(t)
with Cy(T) = —2a,, C5(T) = —a,, and Ce(T) = —2a5, has a solution.
Let B(¢) be the matrix
Byy(t) = a(t) — Cy2), By, = ay(t) — C5(2), Byu(t) = 1, By(t) =0

Suppose that the matrix @,k j = 1, 2) is an invertable matrix solution® to the
equation

d 2
v D, (1) = Z By D:i(1) (76)
Then”

E»

F@exp (| Z gal(z) 2(1) + a(0)=(0) | ts o) ds + a(0)] | ; (o) da]zg dt
1 j : [a4(t) 2(t) + ag(?) f tS 2(w) da] dz(1)

+ 4 X(T) + a(T) | Z 2(2) do+ gy [ : 2(o) docr)“ «(S) = 0$

_ B gF (‘22 2.0 | :) D7) dx(a))l X(S) = o% exp [ | Z C(o) dt| (77)

Proof. Let the a,(¢) and ax(¢) in the Tto integral in the Wiener integral on the left-
hand side of (77) be

a(t) = by(t) + Cy1), as(t) = by(t) + Cy(2) (78)
where C,(t) and C,(¢) are defined by the hypothesis of this theorem [i.e., (75)].

Consider now the following function:

F(t, X, Y) = 3Cy(1) Y* + Cs() YX + 3C(1) X2
Substituting this F into (22), we have that

% CAT) A1) + C(T) «(T) | : 2(0) dot + —; e[ [ : 2() doc]z _ CS) 2(S)
~ : g ¢0) 22(0) - % ¢ =) | : (o) do + % ol l (o) da]z
1 j : [C5(t) 2(t) + C(t) j ; 2(e) da] 2(t) dt

+ f : [q(:) 2(t) + Ci(t) f ; 2(a) da] dz(t) -+ % f: C,(t) dt

¢ It is shown in books on differential equations that such a @ always exists.
7 This lemma is a generalization of Cameron and Martin’s work.®

dt

(79)

822/1/3-9
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In the Ito integral in (79), substitute the values of C, and Cj given by (78) and
then solve the equation for the Ito integral involving the a’s. Thus,

{ : [ax(0) 20) + at) f; (o) da] de(t) = | : [46) 20 + b4(0) | : (o) da] dz(2)
| : 1L ¢ 20 + C0 =0 | ; 2(0) da + 3 G0 [ ; 2) du] | dt
- : [c0 =)+ co) | : o) da] 2(r) dt — % | Z C(1) dt + % CAT) 2X(T)
4 % () =(1) | : 2(a) do - % )| [ : (@) dar _ % CL(S) 24(S)

Substituting this result into the Wiener integral on the left-hand side of (77) and
collecting terms with like coefficients, z, z%, and dz, we find that the left-hand side of

(77) becomes
Ex fF e ([ [0 -3 0 — c] 2w dr
+ [ a0 — €0 — 0] 20| 20 do] a
[ a0 =5 GO)[[ 2@ ] + [a+ 5 ] A
+ la; + GO AT) | j 2(0) de + [y + %CG(T)][ | : 2e) dar

+ [ [oi020)+ 5,0) [ 2 da] )

17 1

— 5 [ cwd =5 c8)25))| 45) = of (80)
2J)s 2

Using the differential equations (75) with the terminal conditions and remembering
that b,(¢) = a,(t) — Cy¢) and by(t) = ay(¢) — Ci(¢), we find that (80) becomes

T

Ev %F(z) exp {— % _bD A0 di — [ J : Ba(?) bt) 2(2) f '; (o) da] dt

—1 : b2 | S il art | : [bdt) 20) + Byo) | S 2(o) de] d(t)
—3 [ cwar 5 ¢ 29)|«9) = 0|

This can be rewritten as

E {F@) exp (— % [ : ZGEGERO0)] ; (o) da]z dt

+ f : [b4(t) 2(t) + by(t) f ; 2(a) da] dz(:))[ 2«(S) = og exp [—% :c4(z) dt] (81)
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which is a more familiar form [see (27)]. We can write (81) in the flat-integral form as

At

| Feyexp (— % | : [b.(0) 20) + b4(0) O 2(1)]2 dt)l 2(S) = 0%

T

x dzexp [~ % ey di] (82)

which shows that we have just completed the square in the Wiener integral on the
left-hand side of (77). To complete the analysis now, we let

17 o
xe) = 2() — [ [bule) 2(0) + by(@) [ 2(B)dB] dw (83)
S S
and substitute this expression into the right-hand side of (77). Using the transforma-
tion theorem, we get for the right-hand side of (77)

Ez®

2 ) 2 ()
F(Y 0u() [ 05(@) de(@) — % Bu() | Bi(e) bulw) 2(a) dv
i S i S
~ Y 0,0 [ [050) b [ 2(8) de] )
X exp (— % f : [b4(t) FOENY0 f 2 2(e) doc]z dt
T i . _ 1 T o .
+ f . [b4(t) 2t) + by(t) f L2 da] dz(t))lz(S) - 0§ exp[ 5[, Cd ]
To complete the proof of this corollary, it is now sufficient to show that [see (81)]
> @) [ O de(0) — X 2u0) [ D) bie) 2e)

~y 00 [ [0Re b [ Bl =20 S<i<T) 68

We note, that if we integrate by parts® the first term on the left-hand side of (84),
we get

5 0 [ 07 ) = X, 00050 2) — | 03] 2(0) da] 89)

Since 3; @yi(t) Dj(r) = Oy ,° it follows that

2 d 4 _ 2 d -
2. 7 [Pn0)] P (1) = — Z, Pui(1) 7 [P (0]

7

8 We again use (22), of course, with F(T, jg 2(e) do, 2(T)) = P7MT)z(T). Since the F; are just linear
functions of z, their second derivatives with respect to z vanish, and we have the ordinary integration-
by-parts formula.

9 Here, 8, is the identity matrix.
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From (76) and the last equation, it follows that
2 < d
; ZJ: Bult) Dis(t) P (1) = 2", Pu(t) 77 [P @)
which is clearly equivalent to
Buslt) = Z @uit) 2 107 (1)
Multiplying through by —®-1, we get
— X 50 Bul) = 7 19720)] (86)
Substituting this into (85) and multiplying it out, it follows that
z By,(1) f i) d=() = 20 + X T Out) f Tt () Buu(o) 2(0) doc (87)
Writing out the 4 summation on the right-hand side of (87), we get
z(t) + 21: D,,(8) f ; D () Byy(o) z(o) dow -+ Z D,.(1) f D' (@) By(o) z(x) d  (88)

From (84), (85), (88), and the definition of the B matrix, it follows that it is
sufficient to show that

zcbn(z)f D7) Bu(®) () dx = z@lm [ [ei@be [ =@ ds]a 39

Since By, (¢) = 1, the left-hand side of (89) is 3°; @;4¢) f; D' () z(«) dev. Integrating
this by parts again, we get for the left-hand side of (89)

Y 0ut) PO 2(0) — T Pu0) [ 510 [[ =6 d] do

The first term of the above is zero, by the definition of @, and the second becomes,
using (86) again

YT 0u0) [ [936) B [ ) de] ©0)

But, since By(o) = b5{a) and Byy(«) = 0, by definition, it follows that (90) is exactly
the right-hand side of (89), which was to be shown.

6.2. It will now be shown that Wiener integrals of a general form can be expan-
ded in an asymptotic series in powers of A, and that the terms of this series can be
evaluated term by term by methods that require nothing more than the solution of
ordinary differential equations and quadratures. This asymptotic series, of course,
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becomes more accurate as A — 0. If A = 0, then it follows that (1) no longer defines
an Tto distribution, but becomes an ordinary differential equation; it follows that (27),
for example, becomes F(x(-), #(-)), where x solves (1) with A = 0. More precisely,
we have the following theorem:

Theorem 6.1. Suppose: (1) that the function
D(z) = }: Lt f : 2(e) doc + X, z(t)) dt + f : £t f : 2(e) doc + X, z(t)) dz(2)
T \ 1T 2
¢ ([ 2@ dot x.2(T)) = 5 [ s a o1

has a unique maximizing function, X(¢), over the set of all z’s in C[S,TY , T'] which are
absolutely continuous and whose derivatives have the property that [ [#(#)]? dr < co.

(2) That f(t, X, Y), L(t, X, Y), and (X, Y) have n -+ 2(n > 0) continuous
X and Y derivatives for all 1 €[S, T], X and Y real.

(3) That the function F(z) has a Volterra series expansion about X(-) out ton -- 1
terms. (See Volterra®® for an exposition of Volterra series.)

(4) That the matrix riccati equations

Ct) = [;7 f(t j ; (o) do + X, x(z)) — C4(z)}2 T ;YZT L (r, f ; F(o) do + X, x(z))

0
oY?

0 =[5/ (1 [ 5@ da+ %, 50) - ][5/ (1 [ 30 + X.x0) - €0

!
[

f(z, f : %) doe + X, X(0)) d(r) — 2C(1)

i ’éx—oa? Lz, | ; %(a) doc + X, (1))

~

g

+ 8X8Yf

(z, f ; F(e) do + X, x(t)) dx(t) — C(t)
C(t) = [587 (e ; %(a) da + X, 3(1)) — cs(z)]2 + 6—3,2—2 L(s | ; %(a) do 4 X, %(1))
+ a—f};? (e | : %(@) dax + X, 3(0)) dx(t)

with terminal conditions

CAT) = — 5 # ([ %) do 4 X.5(D))

7

C(T) =~ vy ¢

( f : %(o) do - X, )‘c(T))

CUT) = = 5z ([ 500 d - X, 5()



510 Michael Schilder

have a solution.1® Tet

M(’):%i( ” 6X2—98Y7 (’f;’?(“)d“+X’f(’))

x [ f (@ da] oy de

2

50t [ s+ x50)
< [[ ; ) doc]z_j [F(O)) d5(0)
Yy
] 1—7
% [ f #x) da] () dr(?)
+4 Z ( )___—Xz_fayy ¢(f2x(a) doc + X, X(T))
[ r@a]  wp

for » € C[S, 0, T]. Then it follows that

E» §F(Az) exp [A—2 j : L (12 J ; 2(o) dx + X, Az(t)) dt
x| : £lexf : (o) do + X, hz(0) ) de(t)

r |
+xtg (A [ 2y dat X, Az(T))“z(S) ~ 71|
N }
= exp[bA-2|([y + Ny + My + -+ + An[, 4+ O as A—0 (92)
b is the maximum value of the function deﬁned in (1) above, Iy is

F(X) exp[— f s Cy(t) dt], and the I'; are Wiener integrals which can be evaluated
numerically.

Proof.12  We write the Wiener integral (92) in the flat-integral form and expand
out all its terms in Volterra series about ¥, the maximizing function.

© All integrals involving d&(f) or #(¢) are interpreted as ordinary Stieltjes integrals. This is possible
since, by hypothesis (1), #(¢) exists in the ordinary sense.

11 See also Pincus® and Varadhan.“®

12 The flat integral is used in this proof because of its intuitive appeal. The proof is, however, entirely
rigorous.
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Thus,
Ev gmz) exp [Az f (2.2 f 2(2) do + X, a(2)) de
+ % f ) f(t, ) f (@) da+ X, )\z(t)) dz(t)

#0229 = 1]

w18 2w ) axrem

§ iz9 j=o !

= H }if FO®@(\z — % + 00z — x)”“] exp

x L (z, | ; %Mo) do + X, )_c(t))[/\ f ; 2(a) doc — f ; (o) da]i”j [z(r) — XY dt

2 3

+ XIE 00z — 3™ + % fz ZO 20;17“ (,l:) Ejf‘f";_a??f(” f;f(“) do + X, (1))

x[r ] Z ) dox — | ; %(ar) da]f—f De(t) — SO det) J,_% 00z — 7y

n+2 4

3 5 5 ) ava # ([ s a6 5)

x [a Z 2(0) doc — f 0 da]i"j

X D7) = (D + 35 00z — 5+ — 3 [ B 3

Change variables now by the transformation theorem 2.1, letting Xz — ¥ = Xr;
then z = (X + Ar)/A and #(S) = 0. Thus, substituting in the above, we find that (92)
is equal to

J [(é NFZ) r O(Ar)n+1]

T nt2

w5

<[[ @ da]H PO di + 35 00y

X exp (.)W%;L(,J‘:)?(a)da—{—X,f(l‘))

i

T ; i
ﬂlf MY ()‘a?ﬁi‘oﬁ

S 4=0 =0

X f(t, f | ¥(@) dx+ X, f(t))[ f ; #(a) da]H (1)} d%(7)
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xf{o | " B0 de + X, x(t))[ | : ) da]i_j FOF dr(t)
+ 5 OO 4 5 Oy
1 2 ¢ Py

PRI ()W # ([ s+ 2 5D)[[ @ aa] By

J=0

5 000 — 5 [T 0F = 5 [ s dr) 3 [ por de| or

We now collect all terms in the exponent whose coefficients are 1/A% or 1/x. The
term whose coefficient is 1/A? is

f : L (z, f ; F(o) do + X, x(z)) dt -+ f : f (t, f ts F(o) do + X, f(t)) dx(?)
+ ([ : %) da + X, X(T)) — % | : [0 dt. 93)

But (93) is exactly (91) with X substituted for z. Since, by definition, X maximizes
(91), it follows that (93) is the maximum value of (91) which was defined in the hypo-
thesis of this theorem to be b.

The term whose coefficient is 1/4 is

[ e (e st x 50) [ @+ [ Le(s, [ 56 dn + X, 50) r) de
+ [ s (e ] @ ot X 5O)[[ o) dn] a0y
[ (1 ] 50 da+ X 50) rt0) ditt)
[ (o [ s x50) dre)
([ 5@ do+ %, 5(D) [ @ ot ([ 500) do - X, 5D)) (D)

- J’T (1) dr(t) 4
N

Since X maximizes (91), it follows that, if X + Ar [where # is in the class of func-
tions defined by assumption (1) of this theorem] is substituted for z in (91) and if
(91) is then differentiated with respect to A, the result is zero. This is the standard
procedure in the calculus of variations and is the way usually used to derive the Euler
equation of the calculus of variations.



New Applications of Wiener Integrals to Engineering and Physics 513

If this substitution and differentiation is actually carried out, then one finds that
the derivative is exactly (94); it therefore follows that (94) is zero for any r in the class
of functions defined by assumption (1) of this theorem. It can be shown that one can
go from this result to the result that (94) vanishes for almost all r € C[S, 0, T].

It therefore follows, making the substitutions for the 1/X2 and 1/A terms, that (91)
is equal to

o (3] | Lz;xm(,;) Pt O(rA)’”J]

X exp Z%A > (3 | gy L[ @] " @ de -+ o
+Zf—, Z (J’) f Ay f r@)da]  [HO dE(@) + 0@y
RS Z ()] s O] r@ ] rop dr) + o

+ 2 e Z  (3) gz 4[] @ da] O + 0y

— [ v adfsr ©3)

In (95), the arguments of L, f, and A depend on 7, 7, and X only. They do not
depend on the variable of integration r. Thus, we are justified in writing L, for example,
as a function of ¢ only.

The partial derivative operators in front of these functions mean: take the partial
derivatives first, and then substitute in X.

1t can be seen that there are no longer any negative powers of A in (95). We now
separate the exponent in (95) into two parts. The first contains the terms which do not
depend on A, the second contains all the other terms.

It can be seen, using the Taylor expansion of exp[X] around zero, that

xplX] = 5 (XH/KY) + Ry(X) 96)
where
| Ry(¥)] < (X7/n!) explX].

The exponential term containing terms Wthh do not depend on A is left alone.
This, it can be seen, is exactly exp{M(r) — & jS [H(6))? dt}, where M(r) was defined in
hypotheses (4) of this theorem. The second exponential term is expanded out to
n - 2 terms, using (96). Since every polynomial in this exponent contains A at least
to the first power, it follows that the R,(x) of (96) will have a factor of A**! in front
of it. It can be shown that the remainder of this term multiplied by exp[M(r)] and
integrated with respect to Wiener measure is finite, using assumption (4) of this
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theorem and Lemma 6.1. It can also be seen that (95) can be written as a Wiener
integral, due to the presence of the last term, —% fs [#(2)]? dt, in the exponent.
Putting all of the above together, we finally arrive at the fact that (92) is equal to

exp [—;\32—] E ;[z NFO(X) rl]

=0

S (Z A Z ()T, e 20 [ @] wov a

B :l:: llq A2 ( ) f oX*—7 9Yi f(t)[f r{x) doc] [r(®)} dr
+ n:j 11—Y A i (;) Jn: Fj%ﬁf(t)[fi () doc]i_j [r(O]? dr(z)

-+ 7%1 ’1_ A2 i (Z) —8—X~,Z—a—7—é——y—; (}S(T)[(f: r(a) da]i—j [r(T)]-’i - O(F)\n-i—l))k:l
x e><p[M(r)]|l r(S) = 0% + oY)

This expression is now expanded out over each of the sums i, j, and k in powers
of X. The first term, corresponding to the zeroth power of A, is

exp[b/A*] E,"{F(X) exp[M(r)]| r(S) = 0} = exp[b/A*] F(X) E,*{exp[M(r)]| +(S) = 0}

which, by Lemma 6.1, is exp[(5/A%) — } f; C,(¢) dt] F(%), as was to be shown.

The other terms are all Wiener 1ntegrals involving exp[M(r)] multiplying 1ntegrals
involving powers of fS #(a) da, r(2), and dr(r) and terms of the form r(7) and fs (o) de.
The first step in evaluating Wiener integrals of this type is to apply Lemma 6.1 to
eliminate the exp[M(r)] term. All the coefficients are now Wiener integrals simply
involving powers of Ito integrals, where the integrands of the Ito integrals are func-
tions only of time. Lemma 2.2 shows how to evaluate this type of Wiener integral. Tt
can be seen that, if A appears to an odd power in front of the I'’s, then the Wiener
integral involves r to an odd power. Since, if, in lemma 2.2, z appears to an odd
power, the integral vanishes, it follows that all Is which have X to an odd power
multiplying them vanish; thus, the series given by this theorem involves only even
powers of A.

The reader has undoubtedly gotten the impression that the procedure advocated
above is complicated—computationwise, it is, of course. However, it must be remem-
bered that it brings within computational grasp the solutions of a large number of
problems in engineering and physics. The complexity arises mostly in keeping track
of a large number of loose indices which are floating around, which is not insurmoun-
table. The differential equations to be solved are the Euler equation for the functions
{91), the riccati equation of Lemma 6.1 and the linear ordinary differential equations
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to obtain the @ of Lemma 6.1. Once these equations have been solved, by numerical
means, if necessary, then all the /s can be computed by quadratures.

The approximation here is also a physically very relevant one, because, very
often, one is interested in how a smalil amount of noise will perturb an otherwise
stable deterministic system.

This expansion is also very relevant in the quantum-mechanical case. It can even
be made rigorous if one uses Cameron and Storvick’s result!® instead of the trans-
formation theorem 2.1. While Lemma 2.2 does not, as yet, have an analog for
Feynman integrals, Lemma 6.1 can be rigorously proved using present techniques.

Theorem 6.1, in this case, shows that, as # — 0 (Planck’s constant), the quantum
theory converges to Newtonian mechanics. The expansion is also much better than
all others that the author has seen, due to the fact that it is in terms of powers of 4 and
not powers of 1/4. The convergence is therefore extremely rapid, since % is very small.

Erdelyi®® shows that asymptotic expansions are unique. Thus, there are no
expansions for the various functions discussed in this paper in terms of a small variance
parameter other than the one given.

Theorem 6.1 can be modified to handle the case of boundary conditions or of
conditioning of the type given by Theorem 5.1.

For other ways of approximating Wiener integrals see Feynman and Hibbs, MV
Finlayson,"® or Cameron and Martin.®®
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